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Abstract

Let 7 be a finite interval, r,n € N, s € Ng and 1 < p <oo. Given a set M, of functions defined on 7, denote
by A% M the subset of all functions y € M such that the s-difference A7 y(-) is nonnegative on /, Y7 > 0.

Further, denote by er, the Sobolev class of functions x on / with the seminorm [|x) | L, < 1. We obtain
the exact orders of the Kolmogorov and the linear widths, and of the shape-preserving widths of the classes
A‘j_ er, in Ly fors >r+1land (r, p, q) # (1, 1, 00). We show that while the widths of the classes depend in
an essential way on the parameter s, which characterizes the shape of functions, the shape-preserving widths
of these classes remain asymptotically < n2.
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1. Introduction, preliminaries, and the main result

Let X be a real linear space of vectors x with norm ||x| x, and W and M be nonempty subsets
of X. The deviation of W from M is defined by

E(W, M)x := sup inf |lx — yllx.
xeWw YeEM
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The Kolmogorov n-width of W is defined by

dn (W)X = inf E(W., M")x,  n>0,

where the infimum is taken over all affine subsets M" of dimension <n.
For a nonempty subset V' C X, we denote the relative n-width of Kolmogorov-type of the set
W, subject to the constraint V, by

dp (W, V)Y = inf EOW. M" O V)x,  n>0,

where the infimum is taken over all affine subsets M" of dimension <n such that M" NV # (.
Obviously, d, (W, X)5! = @, (W)X and, in general, d, (W, V)5 > a, (W)KL.

If L C X isalinear subspace, we may look at the deviation of W from continuous linear images
of span(W) into L. Namely, we define

E(W, L)' := inf sup ||x — Ax]|x,
A xew
where the infimum is taken over all continuous linear operators on span(W), such that A : span
(W)~ L.
The linear n-width of W is defined by

dy (W) .= inf E(W, LM n>o0,

where the infimum is taken over all linear subspaces L C X, of dimension <n. Obviously,
d (W' <y (W)Y

Let I := (—1, 1), and let x be a function defined on /. For an integer s >0, set

ASx(t) = Yico DT () x kD) (L +sD S
0 otherwise,

the sth difference of the function x, with step T > 0. A function x is called s-monotone on [
if Alx(1)>0,t € I, for all © > 0. It is well known that if x is s-monotone on 1, s >2, then
x6=2 ig locally absolutely continuous in /, (notation X6 ¢ ACioe(I) =: ACloe), and x©¢~D s
nondecreasing there (see [1,8,9], for various properties of s-monotone functions). Given a function
space X, and W C X, as above, we denote by Aj_W the subset of s-monotone functions x € W.

Finally, for 1 < p < oo, we denote by L, = L, (/) the usual L ,-spaces, and for an integer r > 1,
we denote the Sobolev class

Wy =Wy = {x [ 2770 € ACioe, ¥, <1).

For 1 < g <00, we call the relative width d, (Ai WIQ, AiLq)l)‘(Ol, the shape-preserving n-width of
the class A} W) in L.

The asymptotic behavior of the Kolmogorov and linear n-widths of the Sobolev classes W),
in Ly, 1<g <00, is well known. Recently Konovalov and Leviatan, [3], have investigated the
behavior of the Kolmogorov and linear widths in L, of the smaller classes Ai er,, 0<s<r+ 1.
Among the results they proved that in most cases the Kolmogorov and linear n-widths of the
smaller classes are asymptotically the same as those of the class erf Namely, the behavior in
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the typical case when 0 <s <r, and 1< p, g <oo are such that (r, p, q) # (1, 1, 00), is that if
(r.p) # (1, ), and if (r, p) = (1, 1) and 1 <g <2, then

d, (ALW;)I;‘(;I - dn(W;r;)ll(j[l = n7r+(max{1/p,1/2}7max{1/q,1/2})+’ n>r.

Here and in the sequel (a)+ := max{a, 0} and the notation a, < b, means that there exist
constants 0 < ¢, < ¢*, such that cya, <b, <c*a,, Vn.
The situation is much different for the class Afl W,’,. Namely (see [3]),

Theorem A. Letr>1, and let 1 < p, g <00 be such that (r, p, q) # (1, 1, 00). Then

kol

- ,—r—14+min{l/q’,1/2}
n
Ly

du (A W) = d (A W) < :

n>r,

where 1/q + 1/q' = 1.

Thus, both n-widths of Afl W), are asymptotically much smaller than those of W,.

We are going to show that the new pattern prevails when s > r + 1. We will show that the
asymptotic order of both n-widths of A’ W, s > r+1, decrease with s (increasing). Specifically,
we prove the following result.

Theorem 1. Let r and s be integers such that s > r + 1>2, and let 1 < p, g <00 be such that
(r,p,q) # (1,1,00). Then

dy (AL WP = dy (AL W)™ < postmin{l/g'1/2) s o (1.1)

Remarks. (i) Itisinteresting to note that the upper bounds are achieved by piecewise polynomials
of degree s — 1, with n prescribed knots, that are elements of Ai Ccs2,

(i) We emphasize that given x € Ai W;, s > r, we cannot, in general, guarantee the finiteness
of the norms of the derivatives of order > r, in any of the spaces L. (Still when p = oo,
x*+D e L)) Also note that for s > r the asymptotic orders of the Kolmogorov and linear widths
in L, of the classes A’ W), depend in an essential way on the parameter s, which characterizes
the shape of the functions, while they do not depend on r and p.

(iii) Perhaps one should also point out that also for s <r, weneed s <r—1/p+1/q to guarantee
that x) € L,.

Konovalov and Leviatan, [4,5], investigated also the behavior of the shape-preserving widths
of the classes A‘i er) for 0<s <r + 1. Among the results,

Theorem B. Let r > 1 and let 1 < p, g <00 be such that (r, p, q) # (1,1, 00). Then if (r, p) #
(L, D,andif (r, p) = (1, 1) and 1 <q <2, we have

d, (AE)FW;’ A(J)qu)lzzlx prHmax{l/p,1/2b=max{l/q. 12D+ s

Also, if 1 <s < min{2, r}, then

(AW, ALL ) 0
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and if s =2 andr = 1, then
d, (A%_W;, A%_Lq)lz(;lx n Ve >,
Finally, if 3<s<r, then
d, (AS+ er” AiLq)lz(:x prHs P30 sy
On the other hand, it was shown in [5] that,
Theorem C. Letr > 1,and let 1 < p, g <oo. Then
d, (AT’IW;, AT'ILq)lle n 2 n>r
We are going to show that for all s > r + 1, the shape-preserving widths of A’ W[’7 in Ly,
asymptotically are independent of any of the parameters, p, g, r and s, and that all are of the

asymptotic order n~2. Namely,

Theorem 2. Let r and s be integers such that s > r + 1, and let 1< p, g <00 be such that
(r,p,q) # (1, 1,00). Then

kol )
dy(AY W), A Lg), =<n™, n>s. (1.2)
Remark. Again, the upper bounds are achieved by piecewise polynomials of degree s — 1, with

n prescribed knots, that are elements of Ai 52,
The rest of the paper is divided into five sections. First in Section 2 we have some auxiliary
lemmas and we reduce the question of the upper bounds to a simpler case. The next three are

devoted to proving our claims for the upper bounds, and finally we prove the lower bounds in
Section 6.

2. Auxiliary lemmas and reduction to subcollections

Form>2and k € Z let (k),, :== (’"_2+k), and note that

m—1
Kym =, k), k= —m+2, .1
where
m—1
V@) = (m - ' JTe+1-1. teR, (2.2)
=1
and that
Ky <k™ ', k>1L 2.3)

Our first lemma is
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Lemma 1. The following two systems of linear equations are equivalent

i
Bi=Y (i—j+Dpw;, i=1...n, (2.4)
Jj=1

and

i
Z(—l)f—k(m >(Z)k:w,-, i=1,....n (2.5)
P i—k
Proof. Let 1 <i<n.We substitute (2.4) in (2.5) and get by (2.1) and (2.2),

Z( D~ "( Tk>a>k=2(—1)""( " )Z(k—j+1)mw/
k=1

= Z(_l)i—k <i Tk) (k—j+Dn | o

=1 \ k=i

= Z( DH( )i k= i+ D | @

_ Z( 1)’<( )Ipm(z k—j+D|oj ==

Now, if i > j, then

Z( DF(" )i = —]+1)_Z( DF(" i — k= j+ D =0,

where the right equality follows since i, is a polynomial of degree < m. For the left equality we
observe thatifm < k <i—j,then (';:) =0,andif 1<i—j < k<m,thenl > i—j—k+1>—m+2
sothaty,,(i—k—j+1)=0.

Fori =j

Z( D Yt k=D =1.

Hence, ¥ = w; and the proof is complete. [J
Our next result follows immediately by Lemma 1.
Lemma 2. Givena,b € R~ such that b has nonzero entries. Let 1 <p<Looand M >0, and let

1
Qu(b) =0 e R | o, <M, & :=bi) (i—j+Dmoj, i=1....n-1
j=1
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Then,

n—i—1

max |{a@, o) = M|clle,, ¢ =b" _1k<
Jmax [, o)l = Mlielle,. l};(>

m

k)aH_k, i=1,....,n—1,

where 1/p + 1/p’ = 1, and where {(a, ») := Z?;ll a; ;.

Proof. By Lemma 1, the operator T : R"! — R"! define by @ = T w, where

i
@i=bi Yy (i—j+Dmwj, i=1...n-1,
j=1

is invertible. Hence,

max |{a,w)|= max |{a, ®)|
weQ,, (b) ITwlle, <M

—1%* ~
= max |(T 1a,a))|
Idle, <M

—1%*
=M|T"" ale, =Mlclle,-

This completes the proof. [

Recall that if x is s-monotone, then x©—D is nondecreasing, thus it has left and right derivatives
xS V(1) and ng_l)(r), tel. Wesetx8D(r):= (xf_l)(r) + x5 V(1)) /2, and let

s—1

ST (k)
Tyt T) = Y z kff) t—ok rel, (2.6)
k=0 :

denote the Taylor polynomial of x about 7.
Given x € A% W), let

x(t) :=x() —ng(t;x;0), rel.
Then
i®0)y =0, k=0,....,5—1,

and it is easy to verify that ¥®(r)>0,r € I, := [0,1), and (=1)* *i®(1)>0,1r € I_ :=
(—1,0], k=0, ...,s — L. In particular all derivatives i® k=0,....,5s—1,are nondecreasing
on /4, while on /_ the derivatives i® k=0,..., s — 1, alternate in monotonicity. Moreover,
Konovalov and Leviatan have proved in [6, Lemma 2] that

1F 0z, <elx L, @7

where ¢ = c(s, p).
Hence, if we restrict our discussion to /., and if we are able to construct piecewise polynomials
as.n(t; X), of degree s — 1 and with n > 1 knots, such that

I1Z() = 00 D)Ly <cn 1ML, ) (2.8)
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where c is an absolute constant independent of n, and « > 0, then the same estimates for /_ follow
by taking o ,(t; X) := (—1)°0s,(—t; y), t € I_, where y(¢) := (—1)°x(—t), ¢t € I, since the
latter satisfies y®) (1) = (=1)* k& (=) >0,t € I_,k=0,...,s — L.

Therefore, we fix n>1, and > 1, and denote

=g, = |1/ i=0.1 o,
=1, =t P = 29
i n,i pon,i {—1+((n+i)/n)ﬂ, i=-—1,...,—n, )
and
._ . o tgni-1>tpmi)s  E=1,....n,
I =1 = Iﬁ,n,i = { (tﬂ,n,i’ t[f,n,i-l—l]’ i=-—1,...,—n.

In Sections 3 and 5, we will construct various piecewise polynomials a5 ,, (¢; X), t € I, of degree
s having knots at ¢, ;, 1 <i < n, satisfying (2.8) for various «’s. Then

os.n(t; X), rely

Os.n(t; X) 1= { (=D%agn(—t;y), tel_,

satisfies

I1Z¢) = s (5 DL,y <en 157N L, ).
Hence, setting

Osn(t; x) 1= 055(t; X) + s (t; x;0), tel,
by virtue of (2.7), yields

x() = a5 (5 0L,y = 1XC) = 05,0 (3 DL,
< c”i(

) —
S ' ”Lp(l)n *
(r) -

< c||x ' “Lp(l)" *

If we denote by X, := Xp ,(I), the space of piecewise polynomials ¢ : I — R, of order
s (of degree s — 1), with knots at 1.n,is i = =%l1,...,£(n — 1) (for n = 1, this is just the
space of polynomials of degree s — 1), then dim X, = s(2n — 1), and for x € A}, er,, clearly
os(;x) € Zs,w

Therefore, in Sections 3-5 we are going to assume that x € A’ W, satisfies

x®0)y=0, k=0,...,5—1, (2.10)

sothat, in particular x®)(r) >0, € I, and all derivativesx¥),k = 0, ..., s—1, are nondecreasing
on /.

3. Theorem 1, the upper bounds: crude estimates

In view of the above, this section is devoted to proving thatan x € A% W; which satisfies (2.10)
can be well approximated by piecewise polynomials associated with it, in a linear fashion, on 7.
But the estimates will only be best possible for a restricted range of g. Specifically, we will show
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that there is an s-monotone piecewise polynomial with 2n — 2 prescribed knots oy ,,(-; x) (see
construction below), such that

1X() = G 2 ) 2y 1) Sen™ T4 =t en™?, 3.D

where ¢ = c(s, r, p, q). In the next section we will improve this estimate for the range 2 < g < o0.
Again, we fix n>1 and > 1, to be prescribed, and we let #; be defined by (2.9). Denote

Ts,i (15 X) 1= wg (5 X5 ti—1), 1 € Iy, (3.2)
where the left-hand side is the Taylor polynomial defined in (2.6), and set

os(t;x) ==05,(t;x) :=ms;(t;x), tel;, i=1,...,n 3.3)
Lett € I;, 1 <i<n — 1. Then integration by parts yields,

x(t) —og(t; x) =x(t) — my,; (t; x)

1
= G _1 21 / (x(s—l)(.c) _ X(S_l)(l‘,;]))(t _ ,E)S—Q, dr. (3.4)
s i

Hence, by the monotonicity of x¢~1 | if
o =xV@) =xCVep, i=1,...,n—1, (3.5)

then it is readily seen that
|1;* .
||x(.)—Gs(-;x)IIL,,u,-)émwi, i=1,...,n—1, (3.6)

where o is defined in (3.1).
Ift € I, then

x(t) — as(t;x) = x(1) — 7y 0 (25 %)

r—1 (k) s—1 (k)
x(th—1) X (ty—1)
=x(0) =y e = ) = Y = i)
k=0 k=r
r—1 k)
xY(t,—1)
a0 = Y g =)
k=0
! e I
= xV ()@ —1) " dr,
(r—1! /lnl

where for the inequality we applied that due to (3.6) and the monotonicity of the derivatives, we
have x®(1,_1) >0,k = r, ..., s — 1, and the last equality is just integration by parts. By Hlder’s
inequality we obtain

|, |~ 1/pF1/a AL

Ix() = a5 (3 )Ly < 5 “LPWW =: |« ”Lpu,,)rm (3.7)



J. Gilewicz et al. / Journal of Approximation Theory 140 (2006) 101126 109

which combined with (3.6) yields for 1 <g < oo,
lx() = o x>||i S0

n—1 q 4
, 1A%
Z( —D! ") +(“’“()“LP<’+><r—1>!)

i=1

1 e\’
. (r) n
< (Z G oD w; + ||x r ||Lp(1+) r — 1){)

i=1

Hence

n—1
() = oe G0, <e Y il or + e[ o). (3.8)
i=1

For g = 00, (3.6) and (3.7) immediately imply (3.8).
We wish to estimate x ") (¢) from below. Let

Y@ =Y oja@—t0% 1el01],

Jj=2
and denote m := s — r — 2. Then by virtue of (2.10) and the monotonicity of x*~1, we have

t
@) = c/ (t —)"xC V() dr
0

t
cf t—1)"y(r)dr
()t .
= C/ t—1)" ij_l(‘f — l‘j_l)g_d‘f
0 =2
n t
:Cij_l/ (I—T)md‘l?
j=2 -t

n
=Y i —t_"t (3.9)
j=2
Letf; :== (t; +1t;-1)/2,i =2,...,n,and lett € [f;, ;). Then for 2 < j <i <n, we have

i1
t—tiog=0—1)+ @G —ti—) + Z(tk — lk—1)
k=

1< 1<
>3 Z(zk — 1) =5 Z|1k|
k=j k=j

L.
>§(l—J+1)|1i|,

since [I1| > = - |1,].
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Substituting in (3.9), we obtain

i
_ . . 1 -
X0z (G —j+ DILN" w1, 1€ li ),

j=2

so that for 1 < p < oo,

; P
n 1
p - . . s—1—r
B 2;|1i| ey (G —j+DILN)™ o)
1= =
n—1 i P
=Y el Y -+ DT e
i=1 j=1
n—1 i P
=) | el Y =i+ ey ) (3.10)
i=1 j=1
where ¢ = 27617 ((s — 1 — )L
By virtue of (3.3),
(—j+D" >0 —j+ Dy, 1<j<i<n—1,
which together with (3.10) implies,
n—1 i P
217, L 4 ")||P
Do eltial Yo =i+ Doy | < XN (3.11)
i=1 j=1
Given f > 1, straightforward computations show that
=" P <o - e i=1, . =1, (3.12)

where ¢ = ¢ (f) and ¢; = ¢2(f), and |I,| = nF. In particular, it follows that
|Il+1|>c3lll|» i:11-"7n_17 (3.13)

for some ¢3 = c3(f).
Then, (3.11) becomes

n—1 i p\ 1/p
Yol =P =+ Do <[y n". (3.14)
i=1 j=1
and (3.8) becomes
(n =¥~ G —pp
() = 053 )y < Z —wi—i-c Rl P (3.15)

where ¢* = c*(B,r, s, p,q) and ¢, = ¢ (B, 1, s, P, q).
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We are interested in estimating from above the first sumin (3.15), for all w := (w1, ..., ®Wy—1),
satisfying the constraint (3.14). Therefore, we are going to apply Lemma 2 with m := s — r,
M = ||x(’) ||L (1+)nﬁ7, and the fixed (n — 1)-tuplesa = (ay, ...,a,—1) and b = (b1, ..., b,—1),
where !

a; == (n— i)(ﬁ_l)“n_ﬁ“, i=1,...,n—1,
and

bi = co(n — PV =1, n—1.

To thisend, lety > —1,andm > 1, and let u € R, be such that u>m. Then it follows by induction

(on m) that,

1 1
/ .../ (ﬂ—‘[l—...—‘[’/n)nd‘rlo..d’rm
0 0
m _1 m
=<]_[(n+k)) SO Ju=om.
k=1 k=0

Hence, for 1 <i<n — s +r, we get

S_r_ k(S—T . N(f=Da
;;( 1)( L )(n i—k)
:(H((ﬁ—l)a—k—i—l))

k=1
1 1
X / / m—i—1i— - — 1) P00 g g,
0 0
s—r
< (]_[((ﬁ — Do —k+ 1)) (n — iy Dostr
k=1
provided we take
P21+ (s — ro L,
which is always possible since «>p > 0.
Forn —s +r 4+ 1<i<n — 1, we trivially have
S—r s—r
Z(—l)"( . )(n —i =P <2 (s =B,
k=0
where (n —i — k)4 := max{n — i — k, 0}.
With the a;’s and b;’s above, (3.16) and (3.18) imply
- s—r
Z(—l)k( L )ai+k bi!
k=0
<en—br (n—i)P-Dp=s+r 1 <i<n—s+r
= 1, n—s+r+1<is<n—1.

(3.16)

(3.17)

(3.18)

(3.19)
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Let
B=1+(s—rp~ !, (3220)

so that in particular (3.17) holds, and take 1 < p < oco. Then

n—s+r

i=1
o
—1
b )
i=1 k=0

Hence, by (3.19),
gcn_p,ﬁa (n((/))—l)P—s+r)l7/+l +s—r— 1) . (321)

> ((n - i)(ﬁ—l)ﬂ—sﬂ)p/ <n(B=Dp=s+r)p/+1,
n—1 s—r s,
Z ( Z(—l)k< . )ai+k

Similarly, for p = 1 it follows from that
S—r s—r

> o=k ( L )ai+k
k=0

Observe that for 1 <p < o0

max bfl <en PrpB=Dp=s+r

1<i<n—1

nfﬁan(lﬁfl)pf‘r+r+l/p’ — nfﬁynfoc.

Thus, if we choose f so big that it satisfies (3.20), then (3.21) and Lemma 2 provide an upper
bound for the first sum on the right-hand side of (3.15). Namely,

n—1 _ (B-Da
Z %wi <c||x(r) ||Lp(1+)n7°‘. (3.22)

i=1
Since by virtue of (3.20),
n=Pr <n %

we conclude by (3.22) that for I < p < oo,

lx(¢) — o530,y <C|\x(') ||L,,(1+)” *= C“x(r) ||L,,(1+)” e
where ¢ = c(f, r, s, p,q).

The case p = oo is proved in a similar way, with the obvious modification in (3.10) through
(3.14). This completes the proof of (3.1).

As we already alluded to at the end of Section 2, for an arbitrary x € Aj_ W[’,, clearly o5(-; x) €
Zs.n- Also, by our construction, the mapping A : span(A’ W3,) — X, defined by (3.2) and

(3.3), is linear. Thus, it follows that
du (B, W) < dy (B, W) <en™ 10 n>s, 1<g <o, (3.23)

where ¢ = ¢(r, s, p, g). This proves the upper bound in (1.1) for 1 <g <2.
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4. Theorem 1, the uppers bounds: refined estimates

For 2 < g < oo, we are able to improve the estimates (3.23). We do that in this section, by
applying discretization techniques.

In this section n > 1 may vary, so we are going to keep it as an index in the relevant places. We
take x € A%, W), satisfying (2.10). Let

W (1) = wp (0 =" (L=t +n Py PP e,
We first show that
—1/q’ _
1(x () = o 0w 7 Ollnyay <en™, n>1,

where ¢ = ¢(f, r, s, p, q), and where o is defined in (3.1) and a5 ,, (-; x) is defined in (3.3) (note
that it was denoted o (-; x) there).
Indeed, it is easy to verify that

Cllln,i|<wn(t)<62lln,i|, te[n,ia 1<i<n,

for some ¢; = ¢ (f) and ¢z = c2(f).
Let w, ; := w;, where w; is defined by (3.5). Then by virtue of (3.6) with g = 1, it readily
follows that
_1 / _ ! — !
||()C() - O-s,n('; x))wn & (')”Ll([,,J) < C|In,i|S|In,i| lq Wp i = C|In,i|s lVa Wy i

o .
=C|In,i| Wi, l=1,...,}’l—l,
and

. —-1/q’ —1/p+1 —~1/q'
1) = aanC 0w Ollzacy < efx L g nal =P 1l 71

— C”)C(r) ||Lp([+) |In,n |r_1/p+1/q

_ (r)
=c[x" ||L,,(1+)|I”>”|p’
where ¢ = ¢(f8, r, s, p, q). Hence,

n—1

1) = GenC0)wn Ol <e Zl il + e[ x @ gl
1=

so that the right-hand side is the same as that of (3.8).
Following the explanation at the end of Section 2 and the proof in Section 3, we conclude that
with f8 satistying (3.20), for each x € A% WI’), there is an appropriate o, (-; x) such that

_1 / _
I(x () = ogn (0w T Ol <en™, n>1, 4.1)

where ¢ = c(f,r, s, p, q).



114 J. Gilewicz et al. / Journal of Approximation Theory 140 (2006) 101126

Let 24 5., be the space of piecewise polynomials ¢ : I, +— R, which are polynomials of
degree <s — 1 on the intervals I, ;,i = 1, ..., n, with endpoints #, ;, i = 0, ..., n, defined in
(2.9). Thendim(Z4 5,) =sn,and 24 5, S X4 op, n>1.

Define a one-to-one mapping between the spaces X ; , and R*" by the linear invertible dis-
cretization operators

Tip:2p5nd0, > 1=(11,...,T5) € R,
where
1= (sn) Pn —i + )P0, (002, i=1,..., sn.
The inverse mapping is
T_‘f}1 R s 1=(11,...,Tn) > Oy € 2y 50,
where ¢, is uniquely defined by the interpolation equations
Onltgnio) = sm)Psn —i +1)"FVlag; i=1,... sn.
We will prove that
T nonllign <NOnllLy ) S c2ll T nonllign 4.2)

where ¢; = c¢1(B, 5, q) and c2 = c2(B, 5, ).
To this end, let

ont == ppit, tel,;, i=1,...,n,

where p,; are polynomials of degree <s — 1. Then,

n
q _ 4
loullT, ) = D 1Pnill?, 1, - (4.3)

i=1

Clearly, Isn,s(i—D)+j—1 € In’,', j=1,...,s, and

N
DPn,i(t) = ZPn,i(lsn,.s(i—1)+j—1)lj(t; Lyi), tely;, i=1,...,n,
j=1

where

= Lsn,s(i—)+k—1 .
l](t; Iﬂ,i) = 1_[ Ané(l )+ ’ teln,is ]=1,...,S,
Isn,s(i—1)+j—1 — Lsn,s(i—1)+k—1
1<k<s

K#J

are the Lagrange fundamental polynomials of degree s — 1 on I, ;.
It is readily seen that

—1
|In,i| y .
max 12 C5 T Loo (1) < ( <e, i=1,...,n,

SJSS |Isn,si|
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where ¢ = ¢(f3, s). Hence

N
1Pnill ooty < | D 1PniCtonsi—1yrj—1)] <lgla§ |Ilj(~;1n,i)||Loo(1n,,~)>

/XS

j=1
1/q

S
1 !
< csl/a Z |Pni (tsn,sii—1)+j—1D1Y
j=1

This in turn implies that

q q
| pn.i ”Lq([n”.) < il pn.i ”Loo(ln,i)

N
< clly,i Z | Pni (tsn,si—1)+j—119
j=1

N
<Y m)Pisn—si+ D puiGonsi-n DI,
j=1

where we applied (3.12).
Finally, by (4.3) we conclude that

n
q — 9
||O'n||Lq(1+) = Z ”p"J ”Lq(ln,i)
i=1

n N
<e Y Y smyPisn—si+ s — j+ DI puitn sy 01
i=1 j=1

sn
=c Y (sm)Pisn—i+ Doy (tgn i)l
i=1

= c|[T4,n0n ”l;" s

where ¢ = ¢(f3, s, ¢), and the right-hand side of (4.2) is proved.
For the left-hand inequality in (4.2), we first observe that for all polynomials p of degree <s —1
and any interval J we have

1Pl ) = elT 1V pll L)
where ¢ = c(s, ¢g). In particular
IPnillLg s =l il "N Pill Loy, @ =1.....m, (4.4)

where ¢ = c(s, q).
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Now for 1 <i<n,

1
|In,i| /q”pn,i”Lo@(l,L;)
1
>|In,i| /a Lnaé |pn,i(tsn,s(i—l)+j—l)|

SV
s 1/q
>S_l/q |In,i|l/q Z |pn,i(txn,s(i71)+j7])|q
j=1
s 1/q
>c| Y emFsn—si -1 —j+ D puitansin 01|

j=1

where ¢ = ¢(f, s, q), and where for the last inequality we applied (3.12) and (3.13). Hence, by
(4.3) and (4.4),

n
q 14
||O'n||Lq(1+) > Z ||pn’l||Lq(In.i)

i=1

n s
e Y s Pisn—s =1 = j+ DI paittonsa-na -0l

i=1 j=1

=cY () Psn—i+ DI oyt

i=1
= T+,nan ||le"’ s

where ¢ = ¢(f3, 5, g), and the left-hand side of (4.2) is proved.
Taking into account that

crwa, () Swy () <cowpa(t), tel, nzl,
where ¢; = ¢1(f) and ¢ = ¢z (f3), a similar proof (see the proof of (4.1)), yields
—1/q’
ctliTy nonllir <llopwy Ly Sl Ty nonliy, 4.5

where ¢; = c1(B, 5, q) and c2 = c2(B, 5, ).
Given x € A} Wy, satisfying (2.10), set

ny:=2", v>0,
and denote

0s,1(1; x), v=0,

tely,
Us,nv(t;x) - U‘v,nv,l(t;x)a v=l, +

5s,nv(t; X) = {

so that d ,,(+; x) € Z4 5.n,, v220. Moreover, for v > 1, it follows by (3.1) that
—1/q' —1/q'
[105,n, (-3 X)wp, 1 Olliziay) < el(xC) = agn, 5 X)) wn, e Oy

_] 7
Fell () = Gy G ) w Oy
<eny”,

where ¢ = c(f,r, s, p, q)-
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Hence, by virtue of (4.5), we obtain
I T+,11V55,nv('; x)”[f"" <C0n;a9 v=l,

where co = co(B, 1, s, p, q), which in turn implies that for each such function x, and every v> 1,
the image 7 ,,ds.2, (+; x) belongs to the octahedron

— SNy Sny —
con, *by" = {‘E ltely”, [l gconv“}.

Let {my}, >0, be a sequence of integers such that mo = s and m, <sn,, v>1. By the definition
of the linear n-widths, for arbitrary ¥ > 1, there exist subspaces M C R*"v, v>0, and linear
mappings A, : R" +— M™,v>0, such that M0 = R’, A, the identity map on R’,

dim(M™)<my, v=1,
and

Sy l
sup [T — Ap,Tllpm <%, (bi"‘)l;,v , vl

rehm‘

Hence,
i
It — A, llgm <c*ny, osHld dm (bs"‘) 13‘ , T Econ, Tl by"™, v=1, (4.6)

where ¢* = ¢oc?.

Now let
) —1 ,
2+,SJH 2 Zz‘s ny = T+,n\‘Mm‘ ’ V}O,
Then dim(Zﬁ:’s’n‘,) = dim(M"™), v>0, and if
mo,..., my
2, V’"u = span U X | 1#=0,
v=0

then "

+sn,

dim( o n;’”*‘) Zm\, 1>0.
v=0

Define the linear mappings

g 2+,s,nus .u>0’ and

A ‘

Z+5n‘|—>2+m‘ V}O,
by
nmy . —1
A0y p, = T+,n‘,Amv Ty 4,050, v=0.

Then each x € A’ W, may be expanded on I into

I
X(1) = (x(t) = Gon, (X)) + Y Son, (15 %), p=0, 4.7)
v=0
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so we set the linear mappings

u
AL () =Y AT S, (65 x),  t e Iy, p>0,
v=0
and we conclude that A" x € Zzowﬂm“
In view of (4.7) we have
lx() = AL x Ol )
SUxC) = 05, G 0L,y
u

) 85, G %) = T A, Tieonysn, (5 0 Ly 1) (4.8)

v=1

where we observe that if v = 0, then
85.1(: %) = T} Amg Ty 1851 (: x) = 0.
By virtue of (3.1),

—s+1 ’
1X() = Gy, G5 Oy <eny” T p>0, 4.9)

where ¢ = ¢(f8, r, s, p, q). Further, for v>1,
T, (85, (50 = T A, T, 05,0, (5.0))
= T4, 05,0, (5 ) = A, T, 05, (-5 X).
Hence, by virtue of (4.2) and (4.6),
185, G5 %) = T30, Ay Ton, O, (5 0z, (1)

<C2”T+,nv5s,nv(‘; x) — Am\, T+,n\75s,n\,(‘; x)”lji'”"

lin

<oy "dn, (") (4.10)

where ¢ = ¢(f8, r, s, p, ¢). So we substitute (4.9) and (4.10) into (4.8) to obtain

u
— — o1y \ lin
XLy <eny* +c va “dp, (b)" )l;nv , 4.11)

v=1

ey

mo,
lx()— Ay

where ¢ = c(f, 1, s, p, q).
Let u>1, and take

y :
m, :{52 if 0<v<y, “.12)

s22Y i < v<L2u.
Since

lin lin

dm‘, (biﬂv)l;m, = dsnv (bin‘.)lérz‘v = 0, V= O, ceey Uy
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it follows by (4.11) that

2u
my lin
"Xl a <eny, +c > ny%dm, (bin‘)zn\ ,
v=u+1

mo .....

x()—A

where ¢ = c(f, r, s, p,q).
For 2 < g < oo, we estimate the widths in (4.13) by [2, Theorem 2], namely,

o, (0" Yo <ém/Imy ' v = 2

where ¢ = ¢(s, ¢). Hence, we conclude from (4.12) that

2u
Z n—ozd bmv)gr’:v <é Z 2—ocv(S2v)l/q(S22,u—v)—l/2
v=pu+1 v=pu+1
2u
— ogl/a=1/29—1 Z 2—(s=3/2)v
v=u+1

< &6/,

where ¢ = ¢(s, q).
If g = oo, we apply [7, Chapter 14, (7.2)], to obtain

A, (bi"‘)liﬂt <c(n(eny/my)/m)'?, v=pu+1,...,2u,

where c is an absolute constant. Hence, we conclude from (4.12) that

—_ s‘n lin
E n “dm‘ ‘) xm

v=p+1

> —(s—1)v es2 \'/? 2u—v\—1/2
<c Z 2 In —— (52217

§22H=y
v=p+1

2p
— s~ 1201 Z (1+Q2v—2wln 2)1/29=(s=3/2
v=qi+1

oo
§621/2S_1/22_“ Z (V _ ,Ll"— 1)1/22—(S—3/2)V
v=p+1

[e¢)
<621/2s—1/22—;1/ (t — u+ 1)1/22—(s—3/2)t dt
u+1

— 24— 1/29—(s=1/2)p /oo 1/29=(=3/D1 44
2
_ g1/,

where ¢ = c¢(s).

119

(4.13)

(4.14)

(4.15)
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Finally, since s >2, we have
272 L6DR T > 2 < g < oo
Hence, combining (4.13)—(4.15), yields
be() = AL Ol <277V 2 < g <o,

where ¢ = c¢(f,r, s, p, q)-
For i = 0, it follows by (4.9) that

lx(:) = ALxOllL, ) <e, 2 < g<oo.

Thus, we conclude that

mo,....may
+ S,n2

E(A, W), 2 Mgy <27V 120, 2 < g <o,

where ¢ = c¢(f, r, s, p, q), while by (4.12),

2u
dim (= ;';1"2’”2“) <Y omy=sQMT 420 —2) <3521 0.
v=0
Similarly, we define the subspaces Z_ s nzinz’ on the interval /_, so that

dim(Z"% "y < 352K >0,

—,8 nz
and
E@y Wy S0 () <2 CTUPI 520, 2 < g <o,
where c = c¢(f, 1, s, p q).
Given any g € 2+ S"',;’zmz“(br) and o_ € X n,z.l;.,mz# (1-), we glue them together into
a4 (1), t€(0,1),
o(t) == {(U+(0)+0’—(0))/2, t=0,
a_(1), te(—1,0),

and we denote the set of all such piecewise polynomials by X ,,;‘,;"mz“ Then,

and

E@QY Wy S0 " ) <e2”CTV 5120, 2 < g <oo,
where ¢ = ¢(f8, r, s, p, q). Therefore, a standard technique yields that

Ay (AL WP 1y Sdn (AL Wy Sen™ T2 nzs, 2 < g<oo,

where ¢ = ¢(f, r, s, p, q). This concludes the proof of the improved upper bounds for2 < ¢ < oo,
and completes the proof of the upper bounds in Theorem 1.
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5. Theorem 2, the upper bounds

Recall that s > r + 1>2. We fix n > 1, and we use the same notation as in the beginning of
Section 2, but we will choose f differently.
Given x € Aﬁr WI’, that satisfies (2.10). For n = 1, we take

os1(t;x):=0, tel.
Then by Holder’s inequality we get
() = osa G0,y <e|x ), - .1)

For n>2, we denote by o (; X(S_z)) = o2n(x (S_z)), the piecewise linear function, with knots
ti,i =0,1,...,n—2,which interpolates x6=2 g ti,i =0,%x1,...,+(n—1),defined in (2.9).
Recalling that x672) is convex in I, we conclude that so is 07, and that

0<x (@) — o2 (1:27?) <O P@) =20 (1-1), << L (5.2)

Now we set

os(t; x) = 05,,(t; x) :=

t
( 31 / 02(‘5; x(“z))(t — 1)573 dt, tel;.
S — - Jo

which, evidently, is s-monotone in 1. We will estimate the L, distance between x and o (-; x)
in /. Integration by parts yields,

x(1) —os(t; x) =

t
T /0 (x(sfz)(r) - aﬁ“z)(r; x))(t -1 3dr

t
- (s _1 3)! /(; (x(s_z)(f) - 0'2(1'; x(s_z)))(t — 034,

so that for 1 <gq < oo,

. q
lx(:) — o5 x)”Lq([Jr)

1 t q
<c(s, q)/ (/ ’x(‘v_z)(r) - 62(7:; x(‘v_z))‘(t — )53 d‘c) dt
0 0

n t q
=c(s,q) Z/I (/0 |x(s_2) (1) — oz(r; x(‘v_2)) |(t — )53 dr) dt, (5.3)
i=1"1

where c(s, g) := ((s — 3)!) 9.
Letr € I;, 1<i<n — 1. Then we have

t
/ |x(s_2)(r) — 02(1; x(s_z))|(t — 1)5_3 dt
0

1
< / |x(572) () — 02(1’; x(“z)) |(t,~ — 1) 3dr
0

i
=171

i
< Z 1t — 1) HX(S_z)(') — oo x(S_Z))”LOO(I;)
j=1 '
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s—=3

i i
DL DIILE B R OB CICE ) | PR (5.4
Jj=1 k=j

Since x“~1 is nondecreasing in I, and o5 interpolates x *~2) at both endpoints of each interval
I;, 1<i<n — 1, it follows by Whitney’s inequality that

[0 = o (s x|y < 2TV 1 1))
< jlo(xC=Y; 155 1151)
=\ljlo;, j=1,...,n—1, (5.5)

where cu(x(s_l); 1j; t) and wp (x(s -D. i t) are, respectively, the first and second moduli of
smoothness of x®~1_ in I, and w; was defined in (3.5).
For t € I,,, we similarly obtain,

t
/ |x(s_2)(r) — o (n; x(s_z))|(t — 103 dt
0
Iy
= / 1 |x(s_2) (r) — (72(1; x(s_z)) |(t — 1) 3dr
0

t
+/ |x(“2)(r) — 02(‘5; x<S72))|(t — 1) 3dz
In

-1

n—1 n—1 s=3
ST T ] BP0 - nt )],
j=1 k=j '
t
+/ X672 (1) — 0o (1 7)) |t — 0)* P dn, (5.6)
In—1

and by virtue of (5.2), integration by parts yields,

t
! / |x(s_2) (1) — 02(1; x(s_z)) |(t -1 3 dr
12

-3/,
1 t
<o | PO =D 0) 0 - o e
- cJiIp
$22 4
xY(t,—1)
=x(0) =) gt =)
k=0 ’
r=1 (k)
xY(t,—1)
<x() =y =t =)t
k=0 ’
1 ! X
=G 1)'/ x(@o@ -1 de
- s J I
—1
il Al PRI LT 5.7)

where for the second inequality we used the fact that x® (th—1)=20,r — 1 < k<s — 2, and for
the last inequality we applied Holder’s inequality.
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We substitute (5.4) through (5.7) in (5.3), and use (|a| + |b|)? <297 (Ja|? + |b|?), to obtain

. q
lx(-) — os( x)||Lq(1+)

n—1 i i $=3 7
3 DN ILIE LT IT/AR BCTE NS Bl VAN T AL I CX )
Jj=1 k=j

i=1

for some ¢ = c(s, q). Since |I1| > - - - >|1I,|, we have
s—3 4q

i i
1 2
LMY IR DY I o)
j=1 k=j
; . s—3 4
1 1
2+1
DTGP IRI | o
j=1 k=j
— q
n—1 n s=3
2+1
DIPTSRl | o
j=1 k=j

s=3 q
n—1 n

== DL o

i=1 j=i

1

n

i=1

1

N
7

3
|

N

—

Hence, (5.8) becomes,

x() = as(3 )L,y
s—3

n—1 n
S =DV RP LS TLH o2, 1l (5.9)
i=1 j=i

where ¢ = c(s, g). It is easy to verify that (5.9) is also valid for ¢ = oco.
We now proceed as in Section 2. Applying (3.12), and

n
Sjl=ta—tisi=nPa—i+DF. i=1...n

j=i
it follows from (5.9) that
n—1 . —2-1/
(n—i)f*—2"14 -
lx() —as(; x)||Lq([+) <c Z W w; + c||x(r) ||Lp(1+)n ﬁp’ (5.10)

i=1

and we have to estimate the first sum on the right-hand side, for all ® := (w1, ..., ®,—1),

satisfying the constraint (3.14) (and the analogous one for p = 00). Again, we apply Lemma 2

withm :==s—r,M := [x|, (1+)nﬂ7, where y was defined in (3.10), and the fixed (n — 1)-tuples
P

a=(ay,...,ap—1)and b = (by,...,b,_1), where

a; == (n— i)ﬂ“_z_l/qn_ﬂa_l/q, i=1,...,n—1,
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and
bi =caln— )P =1, -1

Just as in (3.16) we obtain for 1 <i<n — s +r,

Yo (=Df (S . ’) (n—i — kP21
k=0

< (l_[(ﬂfx—2— 1/g —k+ 1)) (n — i)Pr=2-Va—s+r (5.11)
k=1
provided
B=(s—r+2+1/q)a". (5.12)

Also, forn —s +r + 1<i<n — 1, we trivially have

‘Z(_l)k (s ;r) (i k)ﬁowal/q
k=0

where (n — i — k)4 := max{n —i — k, 0}.
Therefore, combining with (5.11), we conclude that for every 1 <i<n — 1,

Z(—l)k(s ;r>ai+k
k=0

Let 1 < p<o0. Then for

<2s7r(s _ r)[foc727l/q’

bfl gcn‘ﬁo‘“/q(n _ i)ﬁp—Z—l/p’—l/q. (5.13)

B=Q+1/p +1/q)p~", (5.14)
n—1 /v
(Z((” _ ,-)ﬁp—z—l/p’—l/q)ﬂ’) <enPr—2-1/4, (5.15)
i=1
and similarly for p = 1,
max (n — i)PP=2- 1PV < epfr—2-1/q, (5.16)
1<i<n—1

Observing that for 1 < p < oo,
n— Pt /ay fp—2=1/q, By _ n2,

we choose f§ so big that it satisfies both (5.12) and (5.14), then Lemma 2, (5.13) and (5.15), and
(5.16), provide an upper bound for the first sum on the right-hand side of (5.10). Namely,

n—1
(n — i)Pr—2-1/a B
Z nba—1/q i <C”x(r) “LP(1+)” g (5.17)

i=1
Finally, for f satisfying (5.14),

nPr<n2 (5.18)
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Thus, substituting (5.17) and (5.18) into the right-hand side of (5.10), we obtain

lxC) = asC3 )L,y <C||x(r) ||Lp<1+)”_2’

where ¢ = c(B, 1,5, p, q).
As explained in Section 2, for an arbitrary x € A% W; we obtain an appropriate g, , (-; x) which
is clearly in AiES,n. Thus, it follows that
s s kol -2
d, (Af‘_W;, A:_Lq)Lq <cen™%, n>s,
where ¢ = c(r, s, p, g). This completes our proof of the upper bounds in (1.2).
6. The lower bounds

We begin with

Proof of Theorem 1. If for /> 1, we denote

Wlp:{xlerIl,, x®0) =0, k=o,...,1—1},

then, evidently,

MW =AY W+, (6.1)

where I1;_ is the space of polynomials of degree < s — 1.
It clearly follows by (6.1) that

kol

s (8 W5 < (85 W57

» n=s. (6.2)

o
Forx e w ;,_1, integration by parts yields,

1

gy —
S P—

t
fx“‘”(r)(r—r)x—’—zdn tel,
0

so that by Holder’s inequality,

xO, <o« V], L where e = 217 ((s —r =) 7.
Hence

o

W:;;l C cx W:V
which implies
AW C AL W, C AL W, (6.3)

Thus, by virtue of (6.2)

kol

kol
L, ) n=s.

(AW > (AL W)

p

Now, our lower bound in (1.1), follows immediately by Theorem A. This completes the proof of
the lower bounds in (1.1), and altogether concludes the proof of Theorem 1. [
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Proof of Theorem 2. Again by (6.1) we have

drvs—t (AL W)™ AL L) (A W VL)Y s,
which combined with (6.3) yields
dn (MY W, A Lg) ) 2 e s (ML W) AL L) s,

Now, our lower bound in (1.2), follows immediately by Theorem D. This completes the
proof. [
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